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RELATIVE BOUNDED COHOMOLOGY FOR GROUPOIDS 


MATTHIAS BLANK 


Abstract. We introduce bounded cohomology for (pairs of) groupoids 
and develop homological algebra to deal with it. We generalise results 
of Ivanov, Frigerio and Pagliantini to this setting and show that (under 
topological conditions) the bounded cohomology of a pair of topological 
spaces is isometrically isomorphic to the bounded cohomology of the 
pair of fundamental groupoids. Furthermore, we prove that bounded 
cohomology relative to an amenable groupoid is isometrically isomorphic 
to the bounded cohomology of the ambient groupoid. 


1. Introduction 

Bounded cohomology is a functional-analytic variant of regular cohomol¬ 
ogy, first developed into an extensive theory with many applications by Gro¬ 
mov [16]. To construct bounded cohomology, instead of looking at general 
cochains as for (singular or group) cohomology, one only considers bounded 
cochains with respect to the canonical £^-norm regarding the basis of sim- 
plices in the chain complex. The cohomology of the bounded cochain com¬ 
plex together with the induced semi-norm is then called bounded cohomol¬ 
ogy and denoted by H^. The importance of the semi-norm can for instance 
be explained by the fact that, via the Hahn-Banach Theorem, bounded co¬ 
homology of a manifold relative to its boundary encompasses the so called 
simplicial volume. Via this relation, bounded cohomology enters Gromov’s 
proof of Mostow’s rigidity theorem ngES] and more recently, the stream¬ 
lined proof by Bessieres, Besson, Boileau, Maillot and Porti of Perelman’s 
geometrisation theorem [3]. Furthermore, bounded cohomology can be used 
to show various super rigidity results [251 Ea iia 0 iio|. Finally, bounded 
cohomology is deeply related to geometric properties of groups and can 
for example characterise both amenable 11911771 and (relatively) hyperbolic 
groups [221 Ej. 

Bounded cohomology behaves very differently from regular cohomology. 
Surprisingly for instance, bounded cohomology of a space essentially only 
depends on the fundamental group: 

Theorem (The Mapping Theorem, [TSl Theorem 4.1] [T6l [11]). Let X be a 
connected CW-complex. Then for each x ^ X, the classifying map induces 
an isometric isomorphism Rj(X;R) —R^(7ri(X, x); M). 

The mapping theorem and its applications have been one of the hallmarks 
in the subject. It implies for instance that the simplicial volume of a space 
with an amenable fundamental group vanishes. In order to study manifolds 
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with boundary, it would be useful to have also a relative version of the map¬ 
ping theorem. Frigerio and Pagliantini [15] have shown such a theorem for 
pairs of connected spaces under additional topological conditions. One goal 
of this article is to extend the mapping theorem also to the non-connected 
setting, so that we can apply the mapping theorem to manifolds with non- 
connected boundaries: 

Theorem 1 (Relative Mapping Theorem, Theorem 19.111) . Let i: A '—>■ X 
be a CW-pair, such that i is ni-injective and induces isomorphisms between 
the higher homotopy groups on each connected component of A. Let V be a 
Banach tti{X)- module. Then there is a canonical isometric isomorphism 

H; {X,A-V')^ hi (tti (X), TTi (A) ;V'). 

To make sense of the theorems right-hand side for non-connected spaces, 
this article will introduce bounded cohomology for pairs of groupoids. This 
is a natural way to define bounded cohomology relative to families of sub¬ 
groups and allows us to easily extend many results about groups directly 
to groupoids. In particular, we will develop a homological algebra frame¬ 
work in the spirit of Ivanov to study resolutions that can calculate bounded 
cohomology for groupoids and show the following: 

Theorem 2 f Corollary 14. 81) . Let G be a groupoid and V a Banach Q-module. 
Moreover, let ^ ^ be a strong relatively injective G- 

resolution of V. Then there exists a canonical semi-norm non-increasing 
isomorphism of graded ^.-modules 

^ Hf{G;V). 

Using this result, we can straightforwardly generalise the mapping theo¬ 
rem to groupoids: 

Theorem 3 (Absolute Mapping Theorem for Groupoids, Corollary I8.17p . 
Let X be a CW-complex and let V be a Banach 7ri{X)-module. Then there 
is a canonical isometric isomorphism of graded semi-normed W-modules 

h;{x-,v') ^ Hii-K.ixfV) 

Similarly, we study pairs of resolutions that can calculate bounded coho¬ 
mology of pairs of groupoids, show a fundamental lemma in this setting and 
derive the following: 

Theorem 4 ICorollarv I4.2n|) . Let i\ A —^ G be a groupoid pair and V 
a Banach G-module. Let {C*,D*,(p*be a strong, relatively injec¬ 
tive {G, A)-resolution of V. Then there exists a canonical, semi-norm non¬ 
increasing isomorphism of graded M.-modules. 

Hf{G,A;V). 

Finally, we will study amenable groupoids, show that they can be charac¬ 
terised in terms of bounded cohomology ICorollarv 16.41 and Proposition 16. 7p 
and prove the following theorem: 

Theorem 5 (Algebraic Mapping Theorem, Corollary 16.51) . Let i: A '—)■ G 
be a pair of groupoids such that A is amenable. Let V be Banach G-module. 
Then for each n € N >2 there is a canonical isometric isomorphism 

Hf{G,A-,V')^H^{G;V'). 
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Structure of the Article. In Section 2, we repeat basic facts about grou- 
poids. Then, in Section 3 we introduce bounded cohomology for (pairs 
of) groupoids and show that this is an additive homotopy invariant and 
gives raise to a long exact sequence of bounded cohomology groups. In 
Section 4, we develop relative homological algebra in our setting, introduce 
strong, relatively injective resolutions over (pairs of) groupoids and derive 
Theorem [2] and m Then, in Section 5 we discuss amenable groupoids before 
proving in Section 6 the algebraic mapping theorem. In Section 7, we deal 
with resolutions coming from topological spaces. We use this in Section 8 
to slightly generalise the definition of bounded cohomology with twisted 
coefficients for pairs of topological spaces and derive the absolute mapping 
theorem. Finally, in Section 9, we prove the relative mapping theorem. 

Acknowledgments. At the time of the writing of this article, the author 
has been supported by the SFB 1085 Higher Invariants (funded by the DFG) 
at the University of Regensburg. The article is based on parts of the authors 
Ph.D. thesis [6] at the University of Regensburg, partially supported by the 
GRK 1692 Curvature, Cycles and Cohomology (also funded by the DFG). 

2. Groupoids 

2.1. Basics about Groupoids. Groupoids are a generalisation of groups 
(and group actions), akin to considering not necessarily connected spaces in 
topology. They can be viewed as group-like structures where composition is 
only partially defined. 

For the convenience of the reader, in this section we repeat some basic 
facts and definitions about groupoids. We refer to the book of Ronald 
Brown [8] for a more detailed overview. 

Definition 2.1. 

(i) A groupoid is a small category in which every morphism is invertible. 

(ii) A functor between groupoids is also called a groupoid map. 

(hi) We will write Grp for the category of groupoids with groupoid maps 
as morphisms. 

(iv) In analogy to the group case, we consider morphisms as elements of 
the groupoid. Hence, if ^ is a groupoid, we write g € G to indicate 
that g € Uejgobp Morg(e, /) is a morphism in G- 

(v) A groupoid map is called injective/surjective if it is injective/surjec¬ 
tive on both objects and morphisms. 

(vi) Suppose f,g‘. G —^ H are groupoid maps. A natural equivalence 
between / and g is also called a homotopy between f and g. If such 
a homotopy exists, we sometimes write f — g. 

(vii) A groupoid G is called connected, if for each pair i,j G oh G there 
exists at least one morphism from i to j in G (that is, if the underlying 
graph of the category G is connected). Similarly, we get the notion 
of connected components of a groupoid. 
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Example 2.2. 

(i) A group is naturally a groupoid with exactly one object. More pre¬ 
cisely, we can identify the category of groups with the full subcate¬ 
gory of the category of groupoids, having the vertex set {!}. 


(ii) 


111 


In this sense, notions (ii) to (v) in Definition 12.11 correspond to the 
concepts for groups. Two group homomorphisms f,g: G —)• H are 
homotopic if and only if there exists an inner automorphism a of H, 
such that ao f = g. 

Given a family {Qi)i^i of groupoids, the disjoint union of is 

the groupoid defined by setting oblljg/^j := Iljg/obt/i and 

for all k,l £ I, all e G ob and all f € oh Gi 


MorUi^jg.{eJ) := 


Moigi^{e,f) ifk = l 
0 else, 


together with the composition induced by the compositions of Gi- In 
this fashion, we can view a family of groups naturally as a groupoid. 


Example 2.3 (Group Actions and Groupoids). Let G be a group and X 
a set with a left G-action. We define a groupoid G « X, called the action 
groupoid or the semi-direct product of X and G, by setting: 

(i) The objects of G x X are given by ob G x X = A. 

(ii) For each e,f eX, set MoiGtKx{e,f) = {(e,fif) £ X x G \ g ■ e = f}. 

(iii) Dehne the composition by setting for each x £ X and g,h £ G 

{g ■x,h)o {x,g) = {x,h-g). 


Since we view groupoids as groups where the composition is only partially 
defined, in the sense that we can only compose two elements if the target of 
the hrst matches the source of the second, it will be useful to define: 


Definition 2.4. Let G he a groupoid. We define the source and target maps 
by 

s : G —^ ob G 
Morg(e,/) B g<—>e 

t : G —>■ ob G 
Morg(e,/) B gi —> f. 

As the next theorem shows, up to homotopy we can actually always re¬ 
strict to disjoint unions of groups: 

Theorem 2.5 (Glassifying groupoids up to homotopy). Let G be a groupoid 
and i: % —G he the inclusion of a full subgroupoid meeting each connected 
component of G- Then there exists a groupoid map p: G —> TL, such that 

po i = id-^ and z op ~ idg . 

In particular, % and G are equivalent. 

Proof. This is a well-known result [6l Theorem 3.1.7]. □ 
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Corollary 2.6. 

(i) Two groupoids % and Q are equivalent if and only if there is a 
bijection a: A(0) —such that for all e G AG the vertex 
groups Ge and T-La(e) are isomorphic. Here, we write A(^) and A{'H) 
to denote a choice of exactly one vertex in each connected component 
of G and T-L respectively. 

(ii) In particular: Every connected non-empty groupoid is equivalent to 
any of its vertex groups (which coincide up to isomorphism). 

Proof. Let (f := {(pe'- Ge —^ '^a{e))e&-Ko{Q) ^ family of group isomor¬ 
phisms. Then ip induces an isomorphism ^ ^e£TTo{'H)'^e and 

hence 

G ^ GL^€TTo{g)Ge — lle<^iTo(H)T~Le — "H. □ 

Definition 2.7. A pair of groupoids is an injective groupoid map i: A —>■ 
G- A map between pairs of groupoids i: A — G and j: B — Pi \s a, pair 
of groupoid maps iG,A) — {Pl,B) commuting with i and j. 

The next example shows that for any set of vertices, we can “blow up” 
any group to get a groupoid homotopy equivalent to the group having the 
given vertex set. This will be useful later when we want to consider a 
group G together with a family of subgroups {Ai)i^j as a pair of groupoids 
by considering {Gi,Ui^jAi). 

Definition 2.8. Let G be a group and C a set. We define a groupoid Gc 
by setting 

• Objects; obGc := C. 

• Morphisms: Vg jec MorGc(e,/) := G. 

We then define composition as the multiplication of elements in G. 

Definition 2.9. Let f,g: (G,A) — (PL,B) be maps of pairs of groupoids. 
We call a homotopy h between / and g a homotopy relative A if for all a G .4, 
the morphism Ha'. f{a) —)■ g{a) is contained in B. 

In this situation, we also write / —a,b 9- The restriction of h induces 
then a homotopy h\_A between /IajS'U • ^ ^ 

2.2. The Fundamental Groupoid. For us, the most important examples 
of groupoids, besides (families of) groups, will be given by fundamental 
groupoids of topological spaces. These are straightforward generalisations 
of fundamental groups: 

Definition 2.10. Let X be a topological space and I C X a subset. We 
define the groupoid Tri{X,I) with object set I by setting 

(i, j) = {c: [0,1] —y X \ c a path from i to j in A^}/ ~, 

where ~ denotes homotopy relative endpoints. We define composition via 
concatenation of paths. This is a well-defined groupoid, called the funda¬ 
mental groupoid of X with respect to I. We also write 7ri(A) := 7ri(A, A). 

Example 2.11. If A is a space and x G A, then 7ri(A, {x}) is just the 
fundamental group of X with respect to the base point x. 



6 


MATTHIAS BLANK 


Definition 2.12. Let {X,I) and {Y,J) be pairs of topological spaces. A 
continuous map f: (X, I) —)■ (Y, J) induces in the obvious way a groupoid 
map TTi (/): TTi (A, /) —tti (A, J) : 

(i) On objects we define 7ri(/) via the map 

i ^ f{i). 

(ii) On morphisms, we set for each i,j £ I 

Mor^^(X,7)(i,i) —^ Mor^j(y^j)(/(i),/(j)) 

[a] I—^ [/on]. 

This defines a functor tti : Top^ —Grp. 

Proposition 2.13. Let {X, I) and {Y, J) be pairs of topological spaces. Con¬ 
sider maps f,g: (A,/) —(T, J). If f and g are homotopic, so are 7ri(/) 
and Tri{g). 

Proof. If H: A x [0,1] —A is a homotopy between / and g, then the family 
of homotopy classes {[H{i, ODie/ defines a natural equivalence between 7ri(/) 
and TTi{g). □ 


3. Bounded Cohomology for Groupoids 

3.1. Banach Modules over Groupoids. We now extend the notion of a 
Banach module over a group and several related algebraic concepts to the 
groupoid case. 

Definition 3.1 (Normed groupoid modules). Let Q he a groupoid. 

(i) A normed (left) Q-module V = (i4)eGobg consists of: 

(a) A family of normed real vector spaces (i4)eGobg- 

(b) An isometric action of on V, i.e. for each g £ Q an isometry 

Pg ■ Vs{g) —^ Yt{g) 

V I— Pgiv) =: gv, 

such that: 

(i) For all g,h £ G with s{g) = t{h) we have PgO = pgi,. 

(ii) For all i G ob ^ we have pidi = idy.. 

(ii) A normed ^-module V is called a Banach G-module if in addition 
for each e G ob ^ the normed R-module (14, || • ||) is a Banach space. 

Definition 3.2 (^-maps). Let ^ be a groupoid. 

(i) Let V and W be normed ^-modules. A bounded ^.-morphism be¬ 
tween V and IF is a family (/e: Ve —^ iFe)eeob g of bounded M-linear 
maps, such that the supremum ||/||oo := sup^godg ll/e||oo exists. 

(ii) Let /: V —IF be a bounded M-morphism between fy-modules. We 
call / a G-map if for a\\ g £ G we have p'^ o = f^^^g-^ o p^ . 

Remark 3.3. By definition, a normed left fy-module is nothing else than 
a covariant functor G —M-Mod||.|| that factors through M-Modj| y, the 
category of normed M-modules with norm non-increasing maps. 
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A bounded Q-map is then a uniformly bounded natural transformation 
between such functors. We will sometimes use this functorial description to 
define some concepts more concisely. 

Similarly, we also define normed Q-(co) chain complexes. 

Definition 3.4. Let be a groupoid. We write ^-Mod||.|| for the category 
of normed ^-modules together with bounded t/-maps. 

Definition 3.5 (The trivial t?-module). Let ^ be a groupoid. We endow 
the family (Me)eeobg = (IR)eeobg with the trivial ^-action given by 

Pg idm. y 

for all g G- This is a Banach fy-module, which we denote by Mg. 

Definition 3.6. Let A and Q be groupoids and let /: ^ —C? be a groupoid 
map. 

(i) Let U: G —>■ M-Mod||.|| be a normed ^-module. We call the normed 
^-module f*U := U o f the induced A-module structure on U. 

(ii) Let ip: U — > id be a G-cnap. We define an ^-map 

/V: ru^rv, 

by setting ((/V)e)eeobA = (v^/(e))eGobA- This defines a functor 
f*: ^-Mod||.|| —^ AMod|[.|| . 

Lemma 3.7. Let G and H be groupoids and let V be an 7^-module. Let 
foifi- G —>■ 'H be groupoid maps and h a homotopy between /o and /i. 
Then 

Voh: f*V^flV 

Vfo{e) - >he-V 

is a t/-isometry. 

Proof. By Remark 13.31 V o h \s a ^-map. Its inverse is given hy V o h, 
where h denotes the inverse homotopy to h. □ 

We will also use a multiplicative notation and write h-v to denote {Voh){v). 

Definition 3.8. Let ^ be a groupoid and and let (R, || • ||y) and (IT, || • ||w) 
be normed ^-modules. Consider the family 

B{V,W) :=(R(Te,hTe))eGobg 

Here, B{Ve,We) denotes the space of bounded linear functions from 
to ITe, endowed with the family of operator norms || • ||cxd induced by the 
families of norms on V and IT. We define an isometric ^-action on B{V, IT) 
by setting for all g ^ G and all / G Hom(T^(g), ITs(g)) 

V,;Gyt(s) id- f){v) = g- f{g~^ -v). 

If IT is a Banach ^-module, so is R(T, IT). This is functorial with respect 
to bounded ^-maps. 
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Remark 3.9. Alternatively, we can view B{y,W) as the composition 


(V,W) B 

Q ^ (R-Mod||.|[)^ ^ M-Mod 


where W is the contravariant functor given by inverting morphisms in Q and 
then applying W. 


Definition 3.10. Let V = (Vg, || • ||e)eGobg be a normed ^-module. We call 
the M-submodule 

V^:=\ve TT 14 Vgee 9 ■Vs(g)=Vt(g), sup ||ue||e < oo|, 

^ - - e£ohQ ^ 


e£ohQ 


of rieeobG be endowed with the norm given by setting for each v € 


\V\\ := sup ||Ue||e 

eGob Q 


the invariants of V. Alternatively, this can also be viewed as the canonical 
model for the limit oiV: Q —)■ M-Modn m . 


This is functorial with respect to bounded t/-maps: 


Proposition 3.11. The invariants define a funetor 
{■f: a-Mod||.|| ^M-Mod||.|| . 

One important example of invariants will be Bg{V, W) := B{V, W)^ . 

3.2. Definition of Bounded Cohomology. We now give our definition 
of bounded cohomology for groupoids via Bar resolutions. 

Definition 3.12 (The Bar resolution for groupoids). Let ^ be a groupoid. 

(i) For each n G N and each e G ob we set 

Pn{Q)e = {(ffo, • • • , ffn) G I Vjg{o,...,n-l} ■s(ffi) = = &}. 

Equivalently, Pn{Q)e is the set of all (n + l)-paths in Q ending in e. 

(ii) For each n G N, define a normed t/-module C'„(G) = (C'n(G)e)eGobG 
as follows. For all e G ob we set 

Cn{G)e :=M(R,(a)e), 

endowed with the f^-norm with respect to the basis Pn{G)e- We 
then define an isometric ^/-action on Gn{Q) by setting for all (/ G 

Pg'- C'n(0)s(g) ^ Gn{G)t(g) 

{.90: • • • : 9n) ' ^ (<7 ■ 90: ■ ■ ■ : 9n) • 

(iii) For each n G N, we define boundary maps 

dn. Gn{G) ^ Gn-l{g) 

n—1 

ihO: ■ ■ ■ : 9n) ' ^ ^ ^ (~^) {90: ■ ■ ■ : 9i ' 9i+l: ■ ■ ■ : 9n) 

i=0 

+ (“!)” ■ {90-, • • • ) gn-i)- 

These maps are clearly ^-equivariant and the usual calculation shows 
that this does indeed define a ^-chain complex. By definition, these 
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maps are bounded ^-maps and ||5n||oo < n + 1 for all n G N, 
so is a normed ^-chain complex. 

This is a resolution in the following sense: 

Remark 3.13. Let G he a groupoid. Consider the canonical augmentation 

e: Cq{G) —Mg 

9 '—^ t{g) ■ 1 . 

Then {Cn{G),dn)nef>i together with e is a ^/-resolution of Mg. An M-chain 
contraction s* is given by the M-morphisms 

s_i: Mg —)• Co(G) 
e I—ide 

and for all n G N 

Sn- Cn{G) -)• Cn+l{G) 

(ffO) • • • ) 9n) ' ^ ’ 30i • • • 1 9n)- 

To study amenable groupoids, it will be useful to have also a homogeneous 
resolution chain isometric to the inhomogeneous Bar resolution: 

Definition 3.14 (The homogeneous Bar resolution). Let G he a groupoid. 

(i) For each n G N and each e G ob we set 

SniG)e = {(50, • • • , 5n) G \ Viejo, t{9i) = e}- 

(ii) For each n G N, we define a normed fy-module Ln{G) by setting for 
each e G ob G 

L„(^)e=M(5„(^)e), 

endowed with the .^^-norm with respect to the basis Sn{G)e and defin¬ 
ing a ^-action by setting for each g £ G 

Pg '■ Ln{G)s(g) ^ ^n{G)t(g) 

( 50 , • • • , 9n) ' ^ (5 ■ 50, • • • , 5 ■ 9n)- 

(iii) For each n G N, we define boundary maps 

dn-. Ln{G) ^ Ln-l{G) 

n 

( 50 , • • • ,5n) '-^ ^(-1)*(50,- • ■,9i, ■ ■ ■,9n)- 

i=0 

Again, these maps are clearly ^-equivariant and the usual calculation 
shows that this does indeed define a Cy-chain complex. By definition, 
these maps are bounded ^-maps and ||9n||oo < n -|- 1 for all n G N, 
so {Ct,{G),d^:) is a normed ^-chain complex. 

Remark 3.15. ff G is a group, then Ct,{G), respectively L^{G), coincide 
with the usual definition of the (inhomogeneous, respectively homogeneous) 
real Bar resolution of the group G- 
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Proposition 3.16. The maps 


Cn{G) Ln{Q) 

{ 9 O 1 ■ ■ ■ ,9n) ' -^ ( 50,50 ■ 5l, • • • ,50- 9n) 


and 


Ln{Q) Cn{Q) 

( 50 , • • ■ ! 9n) ' ^ ( 50 , 5o ■ 5l, • • • , 9n—l ' 9n) 

are mutually inverse Q-chain isometries. 

Proof. The maps are obviously mutually inverse ^-maps in each degree. 
They are chain maps by the same calculation as in the group case m 
Section VI. 13] and norm non-increasing (and hence isometric) because they 
map simplices to simplices. □ 

Definition 3.17 (Functoriality). Let f: A —)■ ^ be a groupoid map. Then 
the induced map 

(Cn{f)-.Cn{A)^ rCn{Q) \ 

(ao,..., a„) I—^ (/(no),..., /(a „))) 

is an ^-chain map with respect to the induced .A-structure on C'*(^). The 
map Cn{f) is bounded for each n G N and satisfies ||C„(/)||oo < 1, for C„(/) 
maps simplices to simplices. 

In order to stndy bounded cohomology with coefficients, it will be useful 
to define a domain category that encompasses both groupoids and coefficient 
modules. We follow Kenneth Brown [3 Section III.8] here: 

Definition 3.18 (Domain Categories for Bounded Cohomology). We define 
a category GrpBan by setting: 

(i) Objects in GrpBan are pairs {Q,V), where ^ is a groupoid and V is 
a Banach fy-module. 

(ii) A morphism (Q,V) —)■ {'H,W) in GrpBan is a pair {f,(p), where 
/: G —7^ is a groupoid map and ip: f*W —V is a bounded 
G-map. 

(iii) Composition is defined by setting for all composable pairs of mor- 
phisms if, if): iG,V) —> {'H,W) and {g,'G): ['H,W) —> {A,U): 

(5, f’) o (/, t) -={9° f,T° (/»)• 

Definition 3.19 (The Banach Bar Complex with Coefficients). Let ^ be a 
groupoid and V a Banach ^-module. 

(i) We write 

C^iG;V) :=BgiC,iG),V). 

Together with || • ||oo, this is a normed M-cochain complex. 

(ii) If if, if): iG,V) — i'H,W) is a morphism in GrpBan, we write 
Cfif] if) for the map 

c;in-w) ^ c;iG-,v) 

iWe)f&ohH ' - > iT° «^/(e) O C'*(/))eGob5- 

This defines a contravariant functor Cf: GrpBan — 
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Definition 3.20. Let ^ be a groupoid, V a Banach ^-module. We call the 
cohomology 

:= ff*(Bg(a(g),V)), 

together with the induced semi-norm on H^{Q] V), the bounded cohomology 
of Q with coefficients in V. 

This defines a contravariant functor Hf : GrpBan —R-Mod| 

Remark 3.21. As before, if ty is a group, our definition of bounded coho¬ 
mology coincides with the usual one. 

3.3. Elementary Properties. In this part, we show that bounded coho¬ 
mology is an additive homotopy invariant for groupoids and see that it can 
be calculated by the bounded cohomology of vertex groups. 

Proposition 3.22. Let Q and TL he groupoids. Let fo,fi‘. G —S' TL be 
groupoid maps and let h be a homotopy from fi to /q. 

(i) For each n G N and each i G {0,..., n} define a bounded G-map 

si,: Cn{G) ^ f^Cn+lin) 

(.90 •> • • • •> 9n) ’ ^ (^ 0 ( 5 ^ 0 ) ? • • • ? /o (9i) ? ^s(gi) •> fl (9i-\-l )?•••? (9n)^ • 

Define for eaeh n eN a G-map 

n 

i=0 

Then dn+i o o dn = Cn{fo) - h ■ Cn{fi) for each n G N, 

i.e., is a bounded G-chain homotopy between (^^(/o) and h-C*{fi). 

(ii) Let V be a Banach G-module. The family 

s*v,h := {Bg{s,,idf^v))oj: c;{n,v) c;-\G;f^v) 

i'^ele&oh'H ' ^ (^/o(e) ® 'S*,e)e€ob Q ■ 

is an M-coc/ioin homotopy between Cf{fo;V) and Cf{fi]V o h). 

(Hi) In particular, 

HUM V) = HUidg; Voh)o HUfi;V)- 
and the map Lr^(idg; V oh) is an isometric isomorphism. 

Proof. A short calculation shows that s* is a bounded ty-chain homotopy. 
It remains to show that R^(idg; V o h) is isometric. But 

Voh: f*V^ffV 

^/o(e) ^V^he-V 

is isometric since the ?^-action on V is isometric, hence all the induced maps 
are also isometric. □ 

Corollary 3.23. Let /: G —H be an equivalence between groupoids 
and V a Banach "H-module. Then the induced maps 

HUf-, V ): HUM V) hug-, rV) 
is an isometric isomorphism of semi-normed graded M-modules. 
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Corollary 3.24 (Bounded group cohomology calculates bounded groupoid 
cohomology). Let ^ be a connected groupoid and V a Banach ^-module. 
Let e € ob ^ be a vertex and Zg: Ge — > G the inclusion of the corresponding 
vertex group. Then 

Hl{G,V) ^ HliGeXV) 

is an isometric isomorphism of normed graded M-modules. 

Proof. By Corollarv l2.6l ie is a homotopy equivalence and by Corollary 13.231 
the induced maps are isometric isomorphisms. Thus the result follows form 
Remark 13.211 □ 


Definition 3.25. Let (V), || • ||i)iG/ be a family of (semi-)normed M-modules. 
We dehne the normed product of (V), || • \\i)i£i as the M-module 


ie/ iei 


sup IjUi II < oo 
iei 


endowed with the product norm 


INI 

n(Fi,ii-ii,)^K 

i£l 

{Vi)iei I—sup{||i;i||i I i G /}. 

If I is hnite, the normed product of (Ri, || • ||i)i6/ coincides with Hie/^ 
endowed with the maximum norm. 


Proposition 3.26 (Bounded groupoid cohomology and disjoint unions). 
Let G be a groupoid and V a Banach G-module. Let G = UAeA^^ be the 
partition of G into connected components. For each A € A, write for 
the G-module structure on V induced by the inclusion G^ '—^ G. Then the 
family of inclusions (G^ '—^ ^)AeA induces an isometric isomorphism 

AeA 

Proof. We see directly that the splitting of C^{G) with respect to the con¬ 
nected components is preserved after applying Bg{ ■ , V) and that the norm 
is exactly the the product norm. □ 


3.4. Relative Bounded Cohomology. We now define bounded cohomol¬ 
ogy for pairs of groupoids. Using this dehnition, we derive a long exact 
sequence for bounded cohomology of groupoids. Then, we show that rela¬ 
tive bounded cohomology is a homotopy invariant. Finally, we discuss the 
special case of a group relative to a family of subgroups and get a long ex¬ 
act sequence relating bounded cohomology of a group relative to a family of 
subgroups to the regular bounded homology of the group and the subgroups. 

Definition 3.27. Let i: A '—)• ^ be a groupoid pair, i.e. the canonical 
inclusion of a subgroupoid A C G- Let U be a Banach ^-module. 
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(i) The map 

ife)eeohQ ' ^ (/e|c*(A)e)eSobA 

is surjective. Its kernel 

CUG,A-,V) := {/ G Bg{a{g),V) I VeeobA felc^A). = 0}, 

endowed with the induced norm on the subspace, is a normed M- 
cochain complex. We write '-(g yj.y): C^{g,A;V) — C^{g;V) for 
the canonical inclusion. 

(ii) We call 

H;{g,A-,v) :=H*{c;{g,A-,v)) 

the bounded cohomology of g relative to A with eoeffieients in V. 

We define domain categories Grp^Ban and Grp^Ban analogously to GrpBan 
and GrpBan by considering pairs of groupoids instead of groupoids. 

Definition 3.28. Let {{g,A),V) — {{'H,B),W) be a morphism in 

Grp^Ban. Then C^{f,ip) restricts to a bounded cochain map 

:=Ct{f;^)\c*in,B-,w)--Ct{n,B;W)^Cag,A-,V). 

This induces a continuous map between graded normed modules 

HfifJUg,): Hf{n,B-,W)^Hf{g,A;V). 

This defines a contravariant functor Grp^Ban —M-Mod| 

As for the above definition, we just note that the right-hand square in the 
following diagram commutes by definition, so the map on the left-hand side 
is defined: 


cf{n,B-,w) 




ci{n-,w) 


Cl{iB-.V) 


Cf{B-i%W) 




ciig^Av) 




\GAy) 


cmv) 


CUfUiA^) 


c*,iiA;V) 


Cf{A-,i\V) 


Here i*^(p: f\*^i*QW = ij^f*V —> i*jy denotes the A-uiap {(pa)a£ohA, i-e-, 
by restricting the family corresponding to ip to objects in A. Functoriality 
then follows from the functoriality of the right-hand square. 

Proposition 3.29. LetiA- A —g be the inelusion of a subgroupoid .There 
is a natural (with respeet to morphisms in Grp^Ban^ long exaet sequenee 

^*^‘'*g,A\V)) Hf{iA;V) s* 

• ^ H*,ig,A-,V) Hl{g-V) Hl{A;i\V) Hl+\g,A,V) ■ 
sueh that 5* is eontinuous with respect to the induced semi-norms. 


Proof. Take care that the boundary map is continuous in the usual diagram 
chase in the proof of the snake lemma. □ 
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Proposition 3.30. 

(i) Let f,g: {G,A) —>■ he maps of pairs of groupoids and V be 

an LL-module. If f ^^ 1,5 g via a homotopy h, then there is a canoni- 
cal^-cochain homotopy between C'^(/,/|^;P) and C^{g, g\_A]y oh), 
(a) In particular, 

mif, /U; P) = H;iidg,idA; Voh)o H;{g,g\x, V)- 
and the map id^; P o h) is an isometric isomorphism. 

Proof. 

(i) Let Syf^ and denote the cochain homotopies induced by h 

and h\_A constructed in Proposition [3i22j The right-hand side square 
of the following diagram commutes by definition: 


0 — >c*{n,B-,v) 




c*{n-,v) 


c * kiiB ; V ) 


ci{B-i%v) 


Sv,h\c*{H,B-,V) 


d^ci-\g,A-,f*v) 






*—l 
fG,A-,PV) 


c;-HG;rv) —. c;-\A;i*^rv) 

c;-HiA;rh 


Hence the map on the left-hand side is defined. The map 
is a cochain homotopy between id/*y) 

and Cf{g\A, {Voh\A)) = Hence, by comparing the 

diagrams defining C^ifJU^V), C^{g,g\A',V) and Syf^\c*{n,B-,V), 
we see that SyB-V) dehnes an M-cochain homotopy between 
Cf(f,fU;V) andCf(g,gU_;V). 

(ii) The map (^^(idg, id^; H o h) is an isometric cochain isomorphism, 
since C^(idg;V o h) and (^^(id^; i^(l/ o h)) = o 

are isometric cochain isomorphisms. □ 

Corollary 3.31. Let /: {G, .4,) — {Pi, B) be an equivalence relative (.4,, B), 
i.e., there exists a map g: {PL,B) — {G,A), such that g o f idc 

and fog ,4 id^. Then 

HtifJUV): Hl{H,B-,V) H*,{G, A, fV) 

is an isometric isomorphism. 

Corollary 3.32. Let {G,A) be a pair of connected groupoids with vertex 
group G and A respectively. Then we get an isometric isomorphism 

H;{G,A-,Rg)^H;{G,A-,R). 

Proof. As in the absolute case, it is straightforward to see that {G, A) 
and (G, 4) are equivalent relative (4,4). □ 

Definition 3.33. Let G be a group and {Ai)i^j be a family of subgroups. 
Let H be a Banach G-module. We define 


h;{G, (4i)*g/;H) := H*,{Gi,A^iAp,Vi) 


This is functorial in the obvious way. 
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Lemma 3.34. Let G be a group and I a set. For each i € / let Zj: G —^ G/ 
denote the canonical inclusion as a vertex group. Then 

for all i^j G / and for all Banach G-modules V. 

Proof. We can define a homotopy between li and Ij by setting 
hi := idc: G = Gi ^ Gj = G. 

Here 1 denotes the unique vertex of G. Hence, by Proposition 13.221 

Vi) = Hfiidc-, Vioh)o Vj) = H^{lj-,Vi). □ 

Theorem 3.35. Let G be a group and {Ai)i^i a family of subgroups. Let V 
be a Banach G-module. Then there is a natural long exact sequence 

•• ^ HfiG,iA,),^i;V) ^ H*,iG;V) ^ - F*+i(G, H) 

such that d* is continuous with respect to the induced semi-norm and the 
product semi-norm. Here 

P ■.= H*,ik-,Vi)oH*{iG„AnVi)- 

where l^'. G —G/ is the canonical inclusions for some vertex e € ohQ. 

Proof. Write tj: Aj '—Hjg/Hj and s: Hjg/ Ai '—)■ Gj for the canonical 
inclusions. By Corollary 12.61 and Proposition 13.261 the rows in the following 
diagram are isometric isomorphisms; 


Hl{s-Vi) 

H*{G; {Ai)i^r, V) ^ HfiGi-Vi) -> HfiUi^iAp, s*V) -> h;+\G, {Ai)i^r, V) 


H*,{le;Vi) 


{H*{ti-,s*V))i^i 


Hl{G;{A,),^i-V) H*{G;V) Uisi {A; iXV) H*,+\G,{AA^r,V) 


{Hf{iAr,V)), 


ei 


The upper square commutes by definition and we can choose a continuous 
map d* in such a way, that the lower square commutes. The centre square 
commutes by Lemma 13.341 □ 


4. Relative Homological Algebra 

4.1. Relative Homological Algebra for Groupoids. In this section, we 
develop the relative homological algebra necessary to study resolutions that 
can calculate bounded cohomology of groupoids, analogously to the group 
case [m [23]. We introduce the notations of relatively injective groupoid 
modules and define strong resolutions for Banach groupoid modules. Then, 
we show that R(G*(^), P) is a strong relatively injective resolution for each 
Banach C/-module V. Next, we prove the fundamental lemma for relative 
homological algebra in our setting, implying in particular that strong rela¬ 
tively injective resolutions are unique up to bounded C/-cochain equivalence. 
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Thus these resolutions can be used to calculate bounded cohomology up to 
isomorphism, and we show that the semi-norm on bounded cohomology can 
be seen to be the infimum over all semi-norms induced by strong relatively 
injective resolutions. 

Definition 4.1. Let ^ be a groupoid. 

(i) Let V and W be Banach ty-modules. A ^-map i: V —W is called 
relatively injeetive if there exists a (not necessarily ^-equivariant) 
M-morphism a: W —> V such that a oi = idy and ||cr||oo < 1- 

(ii) A ^-module I is called relatively injeetive if for each relatively in¬ 
jective ^-map i: V — W between Banach ^-modules and each 
Q-map a : V —I there is a ^-map /3: W —)• I, such that jjoi = a 
and ||/3||oo < ||a||cx)- 

Proposition 4.2. Let U be a Banach Q-module and n € N. Then the 
Banach Q-module B{Cn{Q),U) is relatively injective. 

Proof. The proof is basically the same as in the case of Q being a group m 
Proposition 3.4.3]. □ 

Definition 4.3 (Strong Resolutions). Let (C'*,(j*) be a Banach ^-cochain 
complex, V a Banach ^-modnle and e: V —?• Cq a ^-angmentation map. 
We call {C*, S*,e) strong or a strong resolution for V if there exists a norm 
non-increasing cochain contraction, i.e., a family 

(S . L -U 

: Co ^ P 

of (not necessarily ^-eqnivariant) M-morphisms between ^-modules such 
that for all n G N we have ||s"||oo < 1 and the family (s^j^eN is a cochain 
contraction of the angmented cochain complex. 

Example 4.4. Consider the Banach ^-cochain complex B{C^,{Q),V) to¬ 
gether with the augmentation map eg: B{Co{Q),V) — > V given by 

eg:V^B(Co(Q},V) 

VI—> (gi —^ v). 

Then, the family s* defined in Remark 13.131 induces a norm-non increasing 
M-cochain contraction s^ of (B(C^,(Q),V),eg) given by 

s*,: B(a(Q),V)^B(a.i(Q),V) 
if I —If o s^ 

and setting for each e G ob 

4,: B{Co{Q)e,Ve)^V, 

tp I-)> (p(\de). 

In particular, {B{C^{Q), V),eg) is a strong resolution of V. 

Proposition 4.5 (Fnndamental lemma). Let be a relatively 

injeetive Banach Q-cochain complex and e: W —> a Q-augmentation 

map. Let P —^ C°) be a strong Q-resolution of a Ba¬ 

nach Q-module V. Let f: V —^ W be a Q-morphism. Then there exists an 
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up to bounded Q-cochain homotopy unique extension of f to a bounded Q- 
cochain map between the resolution {C'^,6 q,u) and the augmented cochain 
complex 

Proof. The proof is basically the same lifting argument as for all homological 
“fundamental lemmas”, for instance [Ul Proposition 3.4.7]. □ 

Corollary 4.6. Let ^ be a groupoid and V a ^-module. Then there exists 
an up to canonical bounded ^-cochain homotopy equivalence unique strong 
relatively injective ^-resolution of V. 

Proposition 4.7. Let Q be a groupoid and let V be a Banach Q-module. 
Let {{D*, Sf)), £: V —^ D^) be a strong Q-resolution ofV. 

Then for each strong cochain contraction of {D*,£) there exists a canoni¬ 
cal norm non-increasing cochain map of this resolution to the standard res¬ 
olution {B{Cn{G),V))n£n ofV extending idy. 

Proof. The proof is similar to the group case |18[ Lemma 3.2.2]. 

Let {{s'^: s^: V) be a norm non-increasing 

cochain contraction of the augmented cochain complex. We will define fam¬ 
ilies (a”: L>g — B{Cn{Q)e^ye))e£ohg by induction over n € N U {— 1}. 
First, we set a~^ = idy. Assume we have defined 0^.-1 for some n € N. 
Then we set for all {qq, ..., gn) G Pn{Q) and all (p G 

■■■,9n)= • T))i90 • 51, • • • ,5n). 

We immediately see that this is a ^-map for all n G N and since s"^ is norm 
non-increasing and the ^-action is isometric, is norm non-increasing by 
induction. By a short calculation we see that is a cochain map. □ 

Corollary 4.8. Let ^ be a groupoid and V a Banach ^-module. Moreover, 
let ((D’^,S2))neN,^- y —^ h)^) be a strong relatively injective ^-resolution 
of y. Then there exists a canonical semi-norm non-increasing isomorphism 
of graded M-modules 

^ Hl{Q;V). 

Proof. By Proposition 14.71 there exists a norm non-increasing ^-cochain 
map B{Cn{Q),y) extending idy. This map induces a norm non¬ 
increasing morphism —>■ By the fundamental lemma 

for groupoids, this is an isomorphism. □ 

4.2. Relative Homological Algebra for Pairs of Groupoids. In this 
section, we will discuss a version of relative homological algebra that can 
be used to describe the bounded cohomology of a pair of groupoids. The 
definitions and results will be analogous to the ones in the absolute setting. 
If (G, A) is a pair of groupoids, we will define {Q, A)-cochain complexes and 
strong, relatively injective {Q, A)-resolutions in this setting. We will see that 
there is a fundamental lemma for pairs and that the pair of standard resolu¬ 
tions is a strong, relatively injective (^, A)-resolution, thus Hf{Q,A;y) can 
be calculated by such resolutions. Our definition is slightly more restrictive 
than Park’s definition of allowable pairs [29], but will directly lead to the 
fundamental lemma for pairs. 
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Definition 4.9. Let i: A —> ^ be a pair of groupoids, i.e., A and Q are 
groupoids and i is an injective groupoid map, see Definition 12.11 We define 
a category (^,.4.)-Ban by setting: 

(i) Objects in (t/,.4,)-Ban are tripels {V^V',ip), where F is a Banach Q- 
module, V a Banach ^-module and tp: i*V —> V' an ^-morphism. 
We call such an object a {Q^ A)-module. 

(ii) A morphism (j,/): {V,V',(p) —>• (W, in (^,>i)-Ban is a 

pair (j,/) where j : V —>■ W is a ^-map and j': V —W is an 
A-map, such that the following diagram commutes: 


i*V* 


^ J 


i*W 


V' - 


V’ 


w' 


Composition is then defined componentwise. We call such a mor¬ 
phism also a (^,A}-map. In addition, we will consider not necessar¬ 
ily (^, >I)-equivariant morphisms ^ (WjW^ip) 

by dropping the condition that j and j' are equivariant, but still 
demanding that the above diagram commutes. 

(iii) Similarly, we also define a category of Banach {Q,A)- 

cochain complexes. The notions of augmentations, cochain homo- 
topies etc. translate naturally into this setting. 

Now we define cohomoloyg of {Q, .4)-cochain complexes: 


Definition 4.10. Let i: A —)• ^ be a pair of groupoids. 

(i) Let {C*,D*,f*) be a (^, .4)-cochain complex. The map f* restricts 
to a cochain map 

Y* ■ (J*S _ y D*-^ 

{'Ve)eeohg ' ^ (/a ('^i(a)))aeob.4- 

We write K*{C*, D*, /*) for the normed M-cochain complex ker(/*), 
given by considering the kernel in each degree and endowed with the 
norm induced by the norm on C*. 

(ii) Let (j,/): {Cf, be a (^, .4)-cochain map. 

Then, by restriction, {j,j') induce the maps on the right-hand side 
of the following diagram 


ker f* 


Cf 


fo 





ker 


C*g 


/r 


f 


and this square commutes, hence the map on left-hand side is de¬ 
fined. We write K*{j,j') ■= j*lker7^ left-hand 

J 0 

side. In this way, K* defines a functor 
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Figure 1. Extension Problem for Pairs. 

(iii) We write H*{C*, D*, f*) to denote the cohomology of K*{C*, D*, f*) 
endowed with the induced semi-norm. In this way, we have defined 
a functor —> R-Mod| 

The main example of {G, .4,)-cochain complexes in this section is given by 
the pair of canonical resolutions for G and A: 

Example 4.11. Let i: A —^ G he a groupoid pair and V a Banach G- 
module. Then C*{G,A]V) := {B{C4G),V), B{C^{A),i*V), is 

a Banach {G, .4.)-cochain complex. By definition 

H*{C*{G,A;V)) = H^{G,A-,V). 

Remark 4.12. Let (/q ,/D, (fi-m 5i): {Co,Ci,ip*) —(Dg, -0*) be a pair 
of (^, .4.)-cochain maps. Let (/iq,/i^): {Cq,C^,(Pq) —)• {Dq~^, 
be a (^,.A)-cochain homotopy between (/g,/!^) and {gQ,gl), i.e., /ig is a 
^-cochain homotopy between /g and ^g and is an .A-cochain homo¬ 
topy between and gl, and the pair is a family of (^,A.)-maps. 

Then the pair (/ig,/ij) induces an E-cochain homotopy between iL*(/g,/|') 
and K*{gQ,gl). In this sense, cohomology of (0, A.)-cochain complexes is a 
homotopy invariant. 

Definition 4.13 (Relatively injective pairs). Let i: A —?■ ^ be a pair of 
group oids. 

(i) A (^,A.)-map {V,V',tp) — {W,W','4>) is called relatively 

injective, if there is a (not necessarily (G, .A)-equivariant) split 

{a, a'): {W,W'^ {V,V’ 

such that {cr,a') o {j,j') = (idy,idy') and ||(t||oo < 1 and l|cr'||oo < 1- 

(ii) A {G, A.)-module (/, /) is called relatively injective if for each rela¬ 

tively injective (^, A.)-map {j,j'): {V,V',ip) — iW,W','G) between 
{G, A.)-modules and each (G, A.)-map {a, a'): {V, V', (p) —> (I, I', /), 
there exists a (^,A.)-map (/?,/?'): {W, W', tp) —> (/,/',/), such 
that (/3,/3 ')o(r/) = («,«') and ||^||oo < ||a||oo and ||;0'||oo < ||a'||oo- 
See Figured! 

Remark 4.14. Park [29] treats bounded cohomology of a pair {G,A) of 
groups via so called allowable resolutions, i.e., via pairs consisting of a 
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strong, relatively injective G-resolution and a strong, relatively injective 
A-resolution, together with a cochain map that commutes with a pair of 
norm non-increasing cochain contractions of the two resolutions. Thus, the 
condition on relative injectivity of an allowable pair is a priori weaker than 
our definition of relatively injective (G, Aj-resolutions. However, as noted 
by Frigerio and Pagliantini m Remark 3.8], it is not clear why Park’s def¬ 
inition should lead to a version of the fundamental lemma. Our definition 
avoids this problem and still includes the interesting examples. 

Example 4.15. Let i: A — G he a pair of groupoids and U a Banach Q- 
module. For each n € N, the Banach {G, .A)-module C^{G, A; U) is relatively 
injective. 

Proof. By a straightforward calculation [6l Example 3.5.21] one shows that 
the concrete maps constructed in the proof of Proposition 14.21 can be used 
to solve also the relative extension problem. □ 

Definition 4.16. Let i: A —^ be a pair of groupoids, {C*,D*,f*) be 
a Banach (^, ^)-cochain complex and R be a Banach ^-module. Further¬ 
more, let {e,e'): (R, PR, idj*y) —(G°,L>‘^,/°) be a (^, .4)-augmentation 
map. We call (G*, /*, (e, e')) a strong resolution of V if there exists 

a (not necessarily (^, .4)-equivariant) norm non-increasing cochain contrac¬ 
tion {s*,t*) of /*, (e, e')), i.e., a norm non-increasing contraction s* 

of (G*,e) and a norm non-increasing contraction t* of such that f* 

commutes with i*s* and t*. 

Example 4.17. Let i: A —^ G he a pair of groupoids and R be a Banach 
^-module. Let Sg and be the norm-non-increasing cochain contractions 
for {B{C^:{G),V),£g) and (il(G*(.4), PR), as in Example 031 By a short 
calculation, we see that {sg, is a norm non-increasing cochain contraction 
of {C*{G,A;V),{£g,e_A)). Hence, {C*{G,A;V),{£g,e_ 4 ,)) is a strong {G,A)- 
resolution of R, called the standard {G, A)-resolution ofV. 

Proposition 4.18 (Fundamental Lemma for Pairs). Let i: A — G be a 
pair of groupoids. Let {I*, J*,ip*) be a relatively injective [G., A)-cochain 
complex and (e, {hh,i*Wfidi*w) —> « {G, A)-augmentation 

map. Let {C*, D*,ip*, be a strong {G, A)-resolution of a Banach 

G-module V. Let {f,f'). (R,f*R,idj*y) — {W^i*Wfvli*w) be a {G,A)- 
map. Then there exists an extension of{f,f') to a bounded [G., A)-cochain 
map from the resolution (G*, ?/)*, (i^, R)) to the augmented cochain com¬ 

plex {I*, J*, ip*, {£,£')). This extension is unigue up to bounded {G,A)- 
cochain homotopy. 

Proof. The proof is the same as the one of Proposition 14.51 just solving the 
extension problems for pairs instead of for single modules. □ 

Proposition 4.19. Let i: A —G be a groupoid pair and V a Banach G- 
module. Let {C*, D*,p*, {u,u')) be a strong {G, A)-resolution of V. Then for 
each norm non-increasing cochain contraction of {C*, D*,p*, (u,u')) there 
exists a canonical, norm non-increasing {G, A)-cochain map 

{C*,D*,p*) ^C*{G,A;V), 


extending (idy,idj»u). 
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Proof. The proof is basically the same as the one for Proposition 14.71 one 
just has to check that the constructed pair of maps is a {Q, .A)-map. □ 

Corollary 4.20. Let i: A —^ ^ be a groupoid pair and V a Banach Q- 
module. Let {C*, D*,ip*, be a strong, relatively injective (G,A)- 

resolution of V. Then there exists a canonical, semi-norm non-increasing 
isomorphism of graded M-modules 

Proof. By Proposition 14.191 there is a norm non-increasing (^, ^)-cochain 
map C*{g,A;V), extending (idy,idj»v)- Hence this map 

induces a semi-norm non-increasing map Hf^{Q,A]V). 

By the fundamental lemma for pairs, this map is an isomorphism in each 
degree and does not depend of the choice of the lift of (idy,idj*v). □ 

5. Amenability 

In this section, we define amenability for groupoids, similar to the defini¬ 
tion of amenability of measured groupoids [T]. 

Definition 5.1. Let ^ be a groupoid and V a normed ^-module. We dehne 
a normed ^-module £°°(g, V) by: 

(i) For all e G ob^ we set £°°(Q,V)e := £’^{Ge,Ve), endowed with the 
II • ||oo-norm. Here, we denote by Qe the set of all morphisms in G 
ending in e, i.e., Ge = 

(ii) We define the ^-action by setting for all <7 G ^ 

(/? I —> —> g- ■ h)). 

Remark 5.2. If G is a groupoid and V a normed ^-module, there is a 
canonical ^-inclusion map cy: V — £^(G,V), corresponding to viewing 
elements in V as constant functions G —> V, given by setting for all e G ob 

eye: Ve^£^{G,V)e 
a I —> {gt —^ a). 

Definition 5.3. Let be a groupoid and V a normed (/-module. 

(i) An equivariant mean on G with coefficients in V is a (/-morphism 

m: £°°{G,V)^V, 

satisfying ||m||oo = 1 and m o cy = idy. 

(ii) If P = Mg, we call m simply a (left)-invariant mean on G and we 
call G amenable if there exists a (left-)invariant mean on Q. 

This definition clearly extends the definition of amenability for groups m- 

Example 5.4. Let (Ajjjg/ be a family of groups. Then Hjg/Aj is amenable 
if and only if all A/ are amenable groups. 

Example 5.5. Let G be an amenable group acting on a set X. Then the 
action groupoid G ik A is amenable (Example 12.3p . 

Starting from an invariant mean on (7, we can actually construct invariant 
means with coefficients in any dual ^-module: 
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Proposition 5.6. Let Q be an amenable groupoid and V a normed Q- 
module. Then there exists an equivariant mean on Q with coefficients in V' 

Proof. Let m-R be a left-invariant mean on Q. Then the map 

mv: 

T'—> (v >—^ mR{g I— ip{g){v))y 

is clearly an equivariant mean on G with coefficients vaV. □ 

6. The Algebraic Mapping Theorem 

In this section, we show that the bounded cohomology of a groupoid G rel¬ 
ative to an amenable groupoid is equal to the bounded cohomology of G and 
discuss a characterisation of amenability in terms of bounded cohomology. 
The techniques used are similar to the group case [saEZj. 

Let z: A —)• ^ be a pair of groupoids. Recall that we write L^{G) to 
denote the homogeneous Bar resolution of G, Definition 18.141 Let R be a 
Banach ^-module. Denote by Kf{G,A;V) the kernel of the map 

B{L,{i),V): B{L,{G),V) ^ B{L,{A)A*V). 

and write j*: Kf{G,A]V) ^—> B{Lt,{G),V) to denote the canonical inclu¬ 
sion. Since by Proposition 18.161 there is a natural and canonical isometric 
isomorphism between L*(^) and there is a canonical isometric iso¬ 

morphism between Kf{G, A; V) and K*{G, A] V). Thus we can also use the 
former to calculate bounded cohomology of the pair (G,A). 

Proposition 6.1. Let G be a groupoid. The following map is a norm non¬ 
increasing G-chain map extending idRg 

Altn: Ln{G) —> Ln{G) 

{go,---,gn)'—> , ! iu • • (s' CTO ; • • • ? 9(771 ) 

For a Banach G-module V, we write Alty: B{Ln{G),V) —^ B{Ln{G),V) 
for the corresponding dual map. 

Proof. This is well-known for groups [241 Section 7.4] and easily verified. □ 

Proposition 6.2. Let G be a groupoid and A C G be an amenable sub- 
groupoid. Let V be a Banaeh G-module and m_A be an equivariant mean on A 
with eoefficients in V (with the indueed A-module structure). For eaeh n € 
N and z G {0,..., n}, define a map : B{Ln{G), V) —)■ B{Ln{G), V) by 
setting for all (p € B{Ln{G),V') and {go, ...,go)& Sn{G) 

iT){g0j • • • ) gn) — ^ 'PigOj • • • ) 1) gi'O^ii 5i-|-l5 • • • ) 5n)) 

if s{gi) G oh A, and ^2{ip){go, ...,gn) = T{go, ■■■,gn) else. 

For each n G N, set := <hQ o • • • o <I>”. Then is a norm non¬ 
increasing G-cochain map extending idy/. 

Proof. 

(i) The map A*^ extends idy' because the mean of a constant function 
is equal to the value of the function. 
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(ii) It follows directly that for all n G N>o 


V. 




O = 


o ^.--1 

^n-1 ^^n-1 


en-l 


‘i-1 


if z > j 
if i < j 
if i = j. 


Thus A'^ is a cochain map. 

(iii) The map is norm non-increasing because means are norm non¬ 
increasing. 

(iv) Clearly all are ^-equivariant, hence A’^ is also ^-equivariant. □ 


Proposition 6.3. Let Q be a groupoid and A (Z G be an amenable sub- 
groupoid. Let V be a Banaeh G-module. Then the eomposition 

AI 4 , B{L,{G),V') ^ B{L,{G),V') 

is a norm non-increasing G-map extending idy/. For n G N>i, it factors 
through K2{G,A]V'), i.e., the following diagram commutes: 

BiLn{G),V') --» B[Ln{G),V') 


K2(G,A-, V) 




Proof. We have to show that B{Ln{i), V') o Alty/ oA^ = 0 for all n G N>i. 
But for all e G ob A and (oq, ..., a^) G b[ G Ag and ip G B{Ln{G), C')e 

•••,<) 

= a'i ■ mA,(a[) (oj '— a7^ ' • • •, a- • a*,..., a^)) 

= a' • (6r' • 


■mA,{bi){ai<—> (b'i ■a'i)-a: 

ip{a'Q, 


v-i 

i 


= b'- 




D-1 


(^(ao,...,a'-(6; 

■ Ai ■ • • • ) ®n)) 


/-I 




, a'n)) 


= ^:{ip){a'^,...X---,a7 


Hence ‘h”((^)(aQ,... ,a^) does not depend on a'. Therefore, Af^{ip o Ln{i)) 
is constant for all ip G B{Ln{G),V') and in particular invariant under per¬ 
mutations of the arguments. Thus, B{Ln{i), V) o K\iy, oA^ = 0 □ 


Corollary 6.4. Let G be an amenable groupoid and V a Banach t/-module. 
Then Hf{G, V) = 0 for all n G N>i. 

Proof. Since the composition Alty/ oAg : B{Ln{G),V') — B{L^{G),V') is 
a ^-map extending idy/, by the fundamental lemma, Theorem 14.51 it in¬ 
duces the identity on bounded cohomology. On the other hand, by Proposi- 
tion l6.3[ it factors through the trivial complex Kf{G, G', V') in degree greater 
or equal 1 and hence H^{G; V) = 0 for all n G N>i. □ 


Corollary 6.5 (Algebraic Mapping Theorem). Let i: A '—?• ^ be a pair of 
groupoids such that A is amenable. Let V be Banach ^-module. Then 

H^(G,A;V')^ff^(G;V') 
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is an isometric isomorphism for each n € N> 2 . 

Proof. The map j* is norm non-increasing and by Corollary 16. 41 and the long 
exact sequence, induces a norm non-increasing isomorphism in bounded co¬ 
homology in degree n G N> 2 . Since Alti^/ is a ^-map extending idy, by 
the fundamental lemma, Theorem l4.5l it induces the identity on bounded co¬ 
homology. The map B{Ln{G),V') —)• K2{G,A,V') induced by Alty, 
in degree n G N>i is also norm non-increasing. Therefore, by Proposi¬ 
tion [U31 is an isometric isomorphism for n G N> 2 . □ 

Remark 6.6. Even when considering only groups, the algebraic mapping 
theorem is wrong in general if we use coefficients in general modules, not 
just dual spaces m Section 7.2 and 7.5]. 

As for groups, the converse to Corollary 16.41 holds in the strong sense that 
vanishing in degree 1 for a certain dual space is sufficient for a groupoid to 
be amenable. Indeed, consider the Banach space SMg := coker 0 ®^: 

Proposition 6.7. Let G be a groupoid. //(SMg)') = 0, then G is 
amenable. 

Proof. The proof [6l Proposition 4.2.7] is basically the same as Noskov’s 
proof m Section 7.1] in the group case. □ 

7. The Topological Resolution 

In this section, let A be a CW-complex. Let p: X —> X be the universal 
cover. For each n G N, write Sn{X) for the set of singular n-simplices in X. 
The group Deck (A) of deck transformations of p acts (from the left) on 
Sn{X), and A as usual. Again, we will denote the fundamental 

groupoid of A by 7ri(A). For each x G A, denote the connected component 
of A containing x by X^. For a G Sn{X), we will also write ao,... ,an G A 
to denote the vertices of a. 

Definition 7.1. Let A be a CW-complex. There is a partial action of vri(A) 
on A, i.e., for each 7 G 7ri(A) there is a bijection 

p^:p~\s{'y)) — >p~\ti'y)) 

X I—^ 7 • X := ^( 1 ). 

Here, for each x G A, let ^ denote the lift of a representative of 7 starting 
at X. Moreover, we have = idp-q^,) for all x G A and p.y'..y = py o for 
all 7 , 7 ' G 7ri(A) with 5 ( 7 ') = t{'y). This induces a 7ri(A)-module structure 
on M[A] := 0^ R. 

Lemma 7.2. For all points x G A, all 7 G vri(A) with 5 ( 7 ) = p(x) and 
all ft G Deck (A) we have 

/J (7 . x) = 7 • /3{x). 

In other words, R[A] is a (Deck(A), 7ri(A))-bi-module, i.e., represented by 
a functor 7ri(A) —Deck(A)-Mod. 
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Proof. If jx is a lift of a representative of 7 starting in x, then /3 • 7 ^; is a lift 
of a representative of 7 starting in I3{x) hence 

7 • (^(x)) = 7 ^( 1 ) =/3(^(1)) =/3(7-x). □ 


Now, we introduce a 7 ri(X)-version of the 7 ri(X, x)-chain complex 


Definition 7.3. 

(i) For all n € N, we define the set 


Qn{X) 


{(fj, x) G SniX) X X I imu C Xx} 
^(/3 • cr, /3 • x) ~ (cr, x) I /3 € Deck(X)^ 


By a slight abuse of notation, we denote the class of a (cr, x) € 
S'n(X) X X in Qn{X) also by (u, x). For all e G X we set 


Qn{X)e := {(t,x) G Qn{X) \ p{x) = e}. 


(ii) For all n G N we define a normed 7 ri(X)-module Cn{X) via 

Cn{X) = (M(Q„(X)e))eeA 


with the partial 7 ri(X)-action given by setting for each 7 G vri(X) 

P'y'- C*n(X)5(^) > Cn{X)f(^.j-^ 

{a,x) I—^ (cr ,7 • x). 

This action is well-defined by Lemma l7.21 Finally, we endow C*(X) 
with the £^-norm with respect to the basis (5*(X). 

(hi) For all n G N>o, we define boundary maps dn '■ C'n(X) —>■ Cn-i{X) 
via 

n 

dn{(T,x) := y^^{-iy{di^n(^,x). 
i=0 

Here, we write di^n to denote the usual f-th face map in dimen¬ 
sion n. These maps are clearly 7 ri(X)-equivariant and well-defined 
since the action by deck transformations is compatible with the usual 
boundary maps. The dn are bounded and for every n G N, we 
have ||9n||oo < n-|- 1. Furthermore, these are obviously boundary 
maps. 

(iv) Additionally, we will consider the canonical augmentation map 

e: Co(X) —^M[X] 

((T,x) I— yp{x) ■ 1. 

Here, we denote by R[X] the trivial 7 ri(X)-module 

(v) For any subset 0 7 ^ / C X, we analogously define a normed vri(X, /)- 
chain complex {C^{X : /))*gN- 


Remark 7.4. We can make this definition more concise using tensor prod¬ 
ucts over group modules and the (Deck(X), 7 ri(X))-bi-module structure 
on ]R[X]. Then Cn{X) is nothing else than C'n*^®(X) (XiDeck(A:) he., 

given by the composition 
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M[X] ®Deck(X)C’r®(X) 

7ri(X) -^ Deck(X)-Mod -^ M-Mod . 

Remark 7 . 5 . Let X be a connected topological space and x G X a point. 
Then (^^(X ; {x}) = as 7ri(X,x)-modules. Thus the definition, 

and the ones that will follow, generalise the classical situation. 

Proposition 7.6 (Functoriality). Let f: X — Y be a continuous map 
between two CW-complexes. Let f: X —Y be a lift. Then, f is 7ri(X)- 
equivariant, i.e., for all 7 G vri(X) and all x G we have 

I{l ■ x) = 7ri(/)(7) • 7(x). 

Therefore, the following map is a TTi{X)-chain map with respeet to the 
indueed TTi{X)-strueture on C^iY). 

c,{f): a{x)^a{Y) 

(a,x) I—^ (/ocr,7(x)). 

The map C'*(/) does not depend on the ehoiee of the lift f. In partieular, C* 
is functorial in the sense that C^{g o /) = {T^i{f)*C^{g)) o C'*(/) for all 
eontinuous maps f: X —)■ Y and g: Y —)■ Z. 

Proof. Let 73, be a lift of 7 starting at x. Then 

PY o f 0% = f opx 0% = f 07 = vri(/)( 7 ). 

Hence / 073. is a lift of ti(/)( 7) starting at /(x) and therefore 

7(7 -x) = 7 ( 7 x( 1 )) = ( 7 o 7 x)( 1 ) = 7ri(/)(7) • J{x). 

The lifts of / are exactly given by {/? o / | /? G Deck(y)}. 

For all ft G Deck(X) the map /o/? is a lift of /, and therefore there exists 
a /?' G Deck(y) such that ft' o f = f o ft, hence for all {a, x) G Qn{X) 

if ° i/ 3 - cr), fi /3 ■ x)) = (/?' • if o a), 13 ' ■ fix)) = if o a, f{x)). 

Thus Cnif) is well-defined. Clearly, for all ft G Deck(y), the lifts / and ft- f 
induce the same map Cnif), hence Cnif) does not depend on the choice 
of the lift. Therefore, the construction is functorial since the composition 
of the lifts of two maps is a lift of the composition of the two maps. The 
family C'*(/) is a chain map since C'|™®(/) is a chain map. Furthermore, by 
definition it is compatible with the induced 7ri(X)-structure on (^^(y). □ 

8. Bounded Cohomology of Topological Spaces 

In this section, we use the 7ri(X)-chain complex C^^/X) to define bounded 
cohomology of X with twisted coefficients in a Banach 7ri(X)-module V, 
slightly extending the usual definition of bounded cohomology with twisted 
coefficients. We will then study the normed cochain complex B/C^^iX), V), 
show that it is a strong, relatively injective 7ri(X)-resolution of V' and de¬ 
rive the absolute mapping theorem for groupoids, i.e., that the bounded 
cohomology of X is isometrically isomorphic to the bounded cohomology 
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of 7ri(X), preparing the ground for our proof of the relative mapping theo¬ 
rem in the next section. 

8 . 1 . Bounded Cohomology of Topological Spaces. Similar to the case 
of bounded cohomology of a groupoid, we begin by defining the domain 
category for bounded cohomology of a space: 

Definition 8.1 (Domain categories for bounded cohomology of spaces). We 
define a category TopBan by setting: 

(i) Objects in TopBan are pairs {X,V), where X is a topological space 
and y is a Banach 7ri(X)-module. 

(ii) A morphism (X, V) —)■ {Y, W) in the category TopBan is a pair 
(/, (^), where /: X —X is a continuous map and ip: TTi{f)*W —>■ 
X is a bounded 7ri(X)-map. 

(iii) We define the composition in TopBan as follows: For each pair of 

morphisms (X, [/) — (Y,V), (Y,V) —> iZ,W) set 

{g, V') o if, If) :=igof,ipo (7ri(/)*V’))- 

Definition 8.2 (The Banach Bar Complex with coefficients). Let X be a 
CW-complex and V a Banach 7ri(X)-module. Then: 

(i) We write 

c;ix-,v) :=B,,(X)(C*(X),X). 

Together with || • ||oo, this is a normed R-cochain complex. 

(ii) If if, ip): (X, X) —(X, fX) is a morphism in TopBan, we write 
Cfe if, P>) for the R-cochain map 

CtiY-,W)^CliX-V) 

a\—> ip o iiTiif)*a) o C^if). 

This defines a contravariant functor : TopBan —)■ kCHII'IL 

Definition 8 . 3 . Let X be a CW-complex, X a Banach 7ri(X)-module. We 
call the cohomology 

HtiX;V) := F*(C,*(X; X)), 

together with the induced semi-norm on H^iX; X), the bounded cohomology 
of X with twisted coefficients in V. 

This defines a contravariant functor Hf: TopBan —R-Mod| 

Bounded cohomology with twisted coefficients is normally defined only 
for connected spaces and for general spaces only with trivial coefficients. 
We show now that our definition coincides in this cases with the usual one. 

Lemma 8 . 4 . Let X be a connected CW-complex, x £ X and X a Ba¬ 
nach 7ri(X)-module. Then there is a canonical isometric R-cochain isomor¬ 
phism 

C;iX;V) ^ CfiX : {xy,V,) 

i^e)e&X ' ^ p’x- 


This is natural in TopBan. 
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Proof. Because vri(X) is connected, the map e i—||(^e||cxD is constant for 
all {tpe)eex £ Cl{X-,V), hence the map S*^y-. {ipe)e&x '—^ Px is isometric 
and injective. It is a cochain map, since the coboundary operators are 
defined pointwise. An inverse is given by choosing for each y € X a path 
7 y E Mor^j(x)(3J) y) from x to y and setting 

R*:Cf{X:{x};V,)^CaX;V) 

P'—> i'ly P)yex- 

The map R* does not depend on the choice of {'yy)y^x since by the 7ri(A, x)- 
invariance of ip, we have for all 7 E Mor.,ri(A:)(3;) 2/) 

l-p = ly {ly^ ■ 1) ■ P = ly P- 

In particular, for all ip E Cl{X : {x}; I 4 ) the map R*{ip) is 7ri(A)-invariant 
and clearly bounded. □ 

Similar to Proposition 13.261 we see that bounded cohomology is additive: 

Proposition 8.5 (Bounded cohomology and disjoint unions of spaces). 
Let X be a CW-eomplex and X = be the partition in eonneeted 

eomponents. Let V he a Banaeh 'Ki{X)- module. For A E A, write for the 
indueed tti{X^)- module structure on V. The family (7ri(A'^) '—> 7ri(X));^£A 
of injective groupoid maps induees then an isometric isomorphism 

Hl{X-V) ^IIh;{X^-,V^) 

AeA 


with respect to the produet semi-norm, see Definition \3.25[ Composing with 
the isometric isomorphisms given by Lemma \8.4 1 
morphism 


we get an isometrie iso- 


HfiX-,V) n ■■ {a^(A)};I".(A)) 

AeA 

for any choice of points x(A) E X^. 

Proof. The partition of X into connected components induces a decompo¬ 
sition of Sn{X), X and C*(A), which is compatible with the boundary op¬ 
erators and the 7ri(X)-action and preserved under applying ‘ 

The induced semi-norm is exactly the product semi-norm. □ 

Proposition 8.6. Let X be a CW-complex. The following map is an iso¬ 
metrie M-cochain isomorphism, natural in X 

R*: B{Cf^^{X-,-R),R) -y CC(A;R[X]) 

(p I-^ (^(cr, x) I -^ p{p o cr)^ . 

Proof. Clearly, for all n E N and all (p E R),M), the map R^{p>) 

is well-defined, 7ri(X)-invariant and 

\\R'^{t)\\oo= sup \p{poa)\= sup |y?(cj')| = ||<^||oo- 

C,x)eQn{X) <7'eSn{X) 
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Thus, is bounded and BP an isometry. The family R* is also clearly 

an M-cochain map. An inverse to R* is given by 

S*: Q(A;M[A]) 

^ (fJ I—)> V'<To(ci,cio)), 

where a denotes a lift of a. A short calculation shows, that this is indeed a 
well-defined inverse to R*. □ 

8.2. The Absolute Mapping Theorem. In this section, we will show 
that there is an isometric isomorphism between the bounded cohomology of 
a CW-complex and the bounded cohomology of its fundamental groupoid. 
This will be done by translating Ivanov’s proof [T8j of the theorem for groups 
into the groupoid setting. This is done mainly as a preparation for the proof 
of the relative mapping theorem. 

Let X be a CW-complex and V a Banach 7 ri(X)-module. We will study 
the Banach 7 ri(X)-cochain complex B{C^{X),V) together with the canoni¬ 
cal 7ri(X)-augmentation map 

u: C^B(Co(X),C) 

V I-(((T, x) I- > v). 

We will show that {B{C^{X)^V),v) is a strong, relatively injective reso¬ 
lution of V, and then deduce the mapping theorem from the fundamental 
lemma. In order to prove that this is a strong resolution, we will first dis¬ 
cuss how to translate cochain contractions from the group setting into to 
groupoids. 

Recall that for any M-module V and any x € X, there is a canonical 
augmentation map 



Now, we define pointed equivariant families of cochain contractions in the 
bounded setting: 

Definition 8.7. Let X be a CW-complex. Let {Vx)x&x be a family of 
Banach M-modules. We call a family of cochain contractions 

\ 4: R(C'f M), Vp(x)) Vp^x) 

of the family of augmented cochain complexes (R(C'|'“®(Xa;; M), I^(a;)), 
pointed equivariant over (X, R) if 

(i) The family is Deck(X)-equivariant, i.e., for all /3 G Deck(X), all 
X € X and all ip G B{CT^{Xx), Vp^x)) 

s%xW*P) = /3*s*xiip). 

Here, we write * to denote the action of Deck(X) on the cochain 
complex R), 1 ^( 3 ,)) given by endowing the module Vp(x) 

with the trivial Deck(X)-action. 
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(ii) They are pointed, i.e., for all x G X and all ip G Vpi^x)) 

Remark 8.8. Of course, given a family of pointed cochain contractions, one 
can always find a pointed equivariant family by choosing one contraction 
for a point in each fibre and defining the other contractions by translation 
with deck transformations, i.e.: If ^ family of pointed cochain 

contractions, choose a lift xq for each xq G X and set for each /3 G Deck(X) 
and each ip G ^(x)) 

* ^)- 

Then is a pointed equivariant family of cochain contractions. 

Example 8.9. Assume X to be aspherical (but not necessarily connected), 
i.e., assume that the higher homotopy groups of all connected components 
of X vanish. Then the space Xx is contractible for each x G A and a pointed 
chain contraction is given by coning with respect to x. Hence by the remark 
there exists a pointed equivariant family of chain contractions over X. 

Lemma 8.10. Let A be a CW-complex. For each x G A, the map 

ix-. CT^{Xx) ^ c,{x)pi^x) 
a I — (fj, x) 

is an isometric chain isomorphism with respect to the restriction of the 
boundary map to C'*(A)p(j,). 

Proof. It is a chain map since the boundary operators act only on the first 
argument. An inverse is given by the map {cr,y) i—>■ fiy{a), where /3y G 
Deck(Ap( 3 ,)) is the unique element such that fiy ■ y = x. □ 

Proposition 8.11. Let X be a CW-complex and let V be a Banach 7ri(A)- 
module. Let ® pointed equivariant family of eochain contraetions 

over {X,V). Then 

V„6 N>o s": B{Cn{X),V) B{Cn-i{X),V) 

ip I—^ x) I —> sf.{ipo ix){cr)^ 

5 °: B{CoiX),V)^V 
B{Co{X),V)eBip^ip(d,T) 

defines a eoehain contraetion of {B{C^:{X),V),iy). If the {s*x)^^x strong, 
so is s*. 

Proof. For each ip G B{Cn{X),V), the map s'^fp) is well-dehned by the 
equivariance of the family • The family is a cochain contrac¬ 

tion since {Sx)x^x ^ family of cochain contractions and ix is a chain map. 
In degree 0, we also use that {s*x)^^x is pointed: For all p G B{Cq{X),V) 
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and all (cr, x) G Qo{X) we have 

o (5° + u o s°)((^)(cr, x) = s^(5°((/9 o ix)){o') + ip{x, x) 

= o ix)){(T) + sl{ip o ix) 

= (4 o5^ + UxO sl){^p o 4)(a) 

= 

If the {s*x)^^x strong, we note that for all ip € B{Cn{X), V) 

||'S"'</^||oo = sup \s^ip{a,x)\= sup \s^{ipoix;){a)\ 

{a,x)£Qn{X) (a,x)eQ„(X) 

< sup \\s^{ip O ix)\\oo < sup ||((/? O 4)||oo < |4||oo- □ 

xGX x^X 

Theorem 8.12 ( [SI [HI El] ) • Let X be a connected CW-complex and V 
a Banach 7Ti{X,y)-module. Then for each x Pi X there is a strong pointed 
cochain contraction 

(4: BiCr^{X-,M),V') BiCf:ff{X-,M),V')Un 

Here, V' denotes the topological dual ofV. 

Sketch of proof. The main step in Ivanov’s proof of the absolute mapping 
theorem in the group setting is the construction of (partial) strong R-cochain 
contractions for the cochain complex R),R) for X a countable 

CW-complex m Theorem 2.4], This was extended by Loh to cochain 
complexes with twisted coefficients ED Lemma B2] in a dual space and 
in each case, the cochain contractions can be chosen to be pointed. As 
noted by Biihler, the assumption that X is countable is actually not neces¬ 
sary HD. □ 

We will use the following simple observation to translate between the 
fundamental groupoid and the universal cover: 

Remark 8.13. Let x,y & X he two points in the same connected component 
of X. We write 'yx,y for the unique element in Mor.n-^(x)(p(3;))P(2/))) such 
that ^x,y ■ X = y. Geometrically, this is given by the projection to X of 
any path in X from x to y. By definition, we have for all (3 G Deck(X), 
all g G xi(X) with s(g) = p{y) and all h G xi{X) with t{h) = p{x) 

lP-x,P-y = lx,y 
9 ■ 7a:, 1 / = lx,g-y 
7a:, 1 / ■ h = 7/i“l-a:,j/' 

Proposition 8.14. Let X be a CW-complex and let V be a Banach 7ri(X)- 
module. Then for all n G N, the Banach 7Ti{X)-module B{Cn{X),V) is 
relatively injective. 

Proof. Let j: U —IT be a relatively injective map between Banach 7ri(X)- 
modules. Let r: W — U he a, splitting of j as in Definition 14.H i). Let 
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be a bounded 7ri(X)-map. We define a family of linear maps by setting for 
each e € X 

/?e: We^B{Cn{X)M 

W I-^ ((o-,x) I-5^ aeijao,x ' Tp(^ao){lx,ao ' U;))(fT,x)). 

Here 7x,o-o denotes the Element in that corresponds to a path from x 

to (To in X. 

• By Remark 18.131 for each e G X and each w G We, the map I3e{w) 
is well-defined. 

• For each e € X the map /3e is bounded and ||/3e||oo < ||<Te||oo) thus 
in particular ||/3||oo < Halloo: We have for each w G H4 and each 
go G 7ri(X) with t{go) = e 

||<ae((7o ■ ^s(go)(5o ' ^))llc« ^ ||<ae||oo ' ||50 ' '^s{go)i9o ' '^)l|oo 

< llaelloo • ||rs(go)||oo ■ ■w^)ll 

< ||ae||cx) • ll'U^II- 

• The map /3 is 7ri(X)-equivariant by Remark 18.131 

• For all e G X, to G We and {cr,x) G Qn{X)e we have 

iPeO je)iw){a,x) = aeijao,xrp(ao){'lx,aojeiw))){a,x) 

= aeilao,xTp(ao)jei7x,ao{w))){(^,x) 

= ae{w){a,x). 

Hence a = f3 o j. □ 

Corollary 8.15. Let X be a CW-complex and V a Banach 7ri(X)-module. 
Then {{B{C^{X), is a strong, relatively injective 7ri(X)-resolution 

of V. 

Proof. By Theorem 18.121 for each x G X, there is a strong, pointed cochain 
contraction 

Hence, by Remark 18.81 and Proposition 18.111 ((^((^^(X), z^) is a 

strong resolution of V'. By Proposition 18.141 it is also a relatively injec¬ 
tive 7ri(X)-resolution. □ 


Proposition 8.16. Let X be a CW-complex. There is a canonical, norm 
non-increasing Tri{X)-chain map : C'*(X) —> C*(7ri(X)) extending the 
identity on R[X], given by 

: a(X) ^a(7ri(X)) 

{a, x) I > {'yao,x: 7cti,(T 0 ) ■ ■ ■ ) 7cr*,(T*_i)- 


Proof. The map is well-defined and 7ri(X)-equivariant by Remark 18. 131 
It maps simplices to simplices and is thus norm non-increasing. It is a chain 
map since for all {a, x) G Qn{X) and all i G {0,..., n} we have 


= (7(70,X, 7(71, 


(TQ ^ ^ ^(Ti^CTi — 1 


i-1 • 7. 


o-i+i,ai ? • • • ? 


7'T*,(T*_1 ) 




□ 
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Corollary 8.17 (Absolute Mapping Theorem for Groupoids). Let X be 
a CW-complex and let V he a, Banach 7ri(A)-module. Then there is a 
canonical isometric isomorphism of graded semi-normed M-modules 

Proof. By Corollarv l8.15l the cochain complex B{C^:{X), V') is a strong, rela¬ 
tively injective resolution of V. Thus by ProDosition l4.7[ there exists a norm 
non-increasing 7ri(A)-cochain map B{C^,{X),V') —> B(C'*(7ri(A)), B') ex¬ 
tending idy/. By ProDosition l8.16l there exists a norm non-increasing tti (A)- 
cochain map B{C^{Tri{X)),V') —> B{C*{X),V') extending idy/. By the 
fundamental lemma for groupoids, Proposition 14.51 these two maps induce 
canonical, mutually inverse, isometric isomorphisms in bounded cohomol¬ 
ogy. □ 


9. Relative Bounded Cohomology of Topological spaces 


In this section, we prove the relative mapping theorem for certain pairs of 
CW-complexes, extending the result of Frigerio and Pagliantini m Propo¬ 
sition 4.4] to groupoids, and in particular, to the non-connected case. 

9.1. Bounded Cohomology of Pairs of Topological spaces. In this 
section, we will define bounded cohomology for vri-injective pairs of CW- 
complexes. 

Remark 9.1. Let i: A —^ A be a CW-pair, i.e., let A be a CW-complex, A 
a CW-subcomplex and i the canonical inclusion. We call such a map tti- 
injective if Tri{i) is injective as a groupoid map. Here, this is equivalent to 
saying that for all a € A, the map 7ri(f,a): 7ri(A,a) —> 7ri(A, a) between 
the fundamental groups at a is injective. 


Let i: A —> A be a CW-pair and let i be vri-injective. In particular, we 
can assume A d X. Consider the groupoid pair 7ri(i): 7ri(A) '—'Ti(A) 
and let R be a 7ri(A)-module. Then 

C*{X,A-V) := (R(a(A),R),R(C*(A),7ri(zrR),R(C*(f),R)) 

is a (7ri(A), 7ri(A))-cochain complex. We write A*(A, A; V) for the kernel of 
the map C'^(z; R): C'^(A;R) —> Cl{A\T:i{i)*V). Together with the induced 
norm, this defines a normed R-cochain complex, see also Section 14.21 

We define a category Top^Ban of CW-pairs (A, A) together with 7ri(A)- 
modules similarly to TopBan. 


Remark 9.2 (Functoriality). Let i: A —A and j: B —)■ Y be vri-injec- 
tive CW-pairs, /: (A, A) — (Y, B) a continuous map and </?: 7ri(/)*lR —> 
V a 7ri(A)-map. Then the right-hand side of the following diagram com¬ 
mutes 


K*{Y,B;W) 


c;{bw) 

C*{Y-,W) -^ C*,{B-,7dijrW) 




C'b(/U;vri(f)» 


A*(A,A;R) 


C*(A;R) 


Cf{r.V) 


C,*(A;7ri(z)W) 
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Hence, the cochain map on the left-hand side is defined. We write 

■= Ch{f^,'p)\K*{Y,B■,w}■ 

Th.is defines a contravariant functor K* : Top^Ban —rCHII'IL 
Definition 9.3. We call 

Hl{X,A;V) := H*{K*{X,A-,V)) 

endowed with the induced semi-norm, the bounded cohomology of X relative 
to A with coefficients in V. This defines a functor Top^Ban —^ M-Mod| 

Remark 9.4. Let i: A = — ^ X be a CW-pair. Gromov m defined bounded 
cohomology of X relative to A with coefficients in M as the cohomology of 
the kernel of the map 

endowed with the induced semi-norm. If the pair [X, A) is TTi-injective, our 
definition coincides with the one of Gromov by Proposition 18.61 


9.2. The Relative Mapping Theorem. 


Proposition 9.5. Let z: A '—>■ X be a CW-pair and V a Banach 7ri(X)- 
module. Then for all n € N, the Banach {'Ki{X),'Ki{A))- module C'^{X^ A; V) 
is relatively injective. 


Proof. One solves the extension problems as in the proof of Proposition 18.14] 
and sees directly that the constructed maps commute. □ 


The following result is due to Frigerio and Pagliantini (for trivial coeffi¬ 
cients), extending the construction of Ivanov: 


Proposition 9.6 ([IS])' Let i: A ' — X be a pair of connected CW-comp- 
lexes, such that i is iri-injective and induces an isomorphism between the 
higher homotopy groups. Let V he a Banach module. Let i : A —X he the 
inclusion map. Then there exists a family of norm non-increasing, pointed 
cochain contractions 

f (s*: B(Cr^(X;R),V') ^ 5(0^®(X;M), W)),eN>o 

and a family of norm non-increasing, pointed cochain contractions 

([si-. B{CT^{A-,R),V') ^ H(Cr!(I;M), W))*6 n>0 

that is compatible with the restriction to A, i.e., the following diagram com¬ 
mutes for all a (z A: 




B{Cr^{X),V') 

B{Cr^(i),V') 

B{Cr^{A),V') 


- > BiCfffiXfV') 

B{Cfff(i),V') 

^ B{C:ff{A),V') 
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Remark 9.7. The proof of Proposition 19.61 is a generalisation of Ivanov’s 
proof of the fact that M), M) is a strong resolution of M. Frigerio 

and Pagliantini state Proposition 19.61 only for trivial coefficients. The exten¬ 
sion to dual space coefficients and pointed cochain contractions is straight¬ 
forward [51 Proposition A.8]. Park [291 Lemma 4.2] stated without proof 
that, based on Ivanov’s work, Proposition 19.61 also holds without the as¬ 
sumption on the higher homotopy groups. Pagliantini [281 Remark 2.29] 
demonstrates however, that Ivanov’s proof cannot be generalised directly to 
the relative setting. 

Lemma 9.8. We can assume the family of cochain contractions 
and (Sa)agT ™ Proposition 19.61 to be pointed equivariant. 

Proof. Since i is vri-injective, we can identify Deck(A) with the subgroup 
of deck transformations in Deck(X) mapping A to itself. We proceed as 
in Remark 18.81 For each xq G X, choose a lift xq G X, such that xq € A 
if xo € A. Set for each xq G X, /3 G Deck(X) and each ip G ^((^^“^(X), V') 

t}-xoiP) = ^ * * P) 

and similarly for each oq ^ A, (5 ^ Deck(A) and each p G V') 

= 1^ * * P) 

Then and are pointed equivariant families of cochain con¬ 
tractions. It is easy to see that and are still compatible with 

the restriction to A. □ 

Corollary 9.9. Let i: A =—> X be a CW-pair, such that i is vri-injective 
and induces an isomorphism between the higher homotopy groups on each 
connected component of A. Furthermore, let R be a Banach 7ri(X)-module. 
Then C*{X, A]V') is a strong (7ri(X), 7ri(A))-resolution of V 

Proof. By Lemma 19.81 there are pointed equivariant families of norm non¬ 
increasing cochain contractions for X and A. By a short calculation, we see 
that the corresponding norm non-increasing cochain contractions for X and 
A constructed in Proposition 18. 1 11 commute |6l Corollary 5.3.9]. □ 

Lemma 9.10. Let i: A —X be a Tii-injective CW-pair, and let V be 
a Banach 7ri(X)-module. Then there exists a canonical, norm non-increa¬ 
sing (7ri(X), 7ri(A))-cochain map 

C*(7ri(X),7ri(A);R) ^C*(X,A;R) 

extending (idy, id 7 rpi)*y). 

Proof. The map is given given by ,V), B{^^,7ri{i)*V)), where the 

morphisms and are as in Proposition 18.161 Its easy to see that this 
is a (7ri(X), 7ri(A))-map. □ 

Theorem 9.11 (Relative Mapping Theorem). Let i: A =—^ X be a CW- 
pair, such that i is TTi-injective and induces isomorphisms between the higher 
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homotopy groups on each connected component of A. Let V be a Banach 
TTi{X)-module. Then there is a canonical isometric isomorphism 

Hf (X,A-,V')^ HI (vTi (X), TTi (A) -X). 

Proof. By Proposition 19.51 and Corollary 19.91 the (7ri(X), 7ri(^))-cochain 
complex C*{X, A-,V') is a strong, relatively injective (7ri(X), 7ri(A))-reso- 
lution of V. Therefore, by Proposition 14.181 there exists a norm non¬ 
increasing (7ri(X), 7ri(A))-cochain map 

a*: C*{X,A-V')^C*{TTi{X),7Ti{Ay,V') 

extending (idy', id^j(j)*y/). By Lemma [9.101 there is a norm non-increasing 
(7ri(JC), 7ri(>l))-cochain map C*{t:i{X).,'Ki[A)]V') —> C*{X, A;V') extend¬ 
ing (id\//, id^j(j)*y/). By the fundamental lemma for pairs. Proposition 14.181 
these maps induce mutually inverse, norm non-increasing isomorphisms in 
bounded cohomology. So the map H^{X, A;V') —> H^{tti{X),tti{A)-,V') 
induced by a* is an isometric isomorphism. Also by the fundamental lemma, 
this isomorphism doesn’t depend on the extension of (idy/, id.,r(j)*V'')- 

Corollary 9.12. Let i: A =—A be a CW-pair, such that i is vri-injective 
and induces isomorphisms between the higher homotopy groups on each 
connected component of A. Let P be a Banach 7ri(A)-module. Let 7ri(A) 
be amenable. Then there is a canonical isometric isomorphism 

Hl{X,A-V') ^ m{X-V')- 

Corollary 19.121 was stated by Gromov [16] without the assumptions on i 
to be TTi-inJective and to induce isomorphisms between the higher homotopy 
groups, but without a proof for the map to be isometric. This has been one 
motivation for us to study relative bounded cohomology in the groupoid 
setting in the first place. There is now, however, a short and beautiful proof 
of this stronger result by Bucher, Burger, Frigerio, lozzi, Pagliantini and 
Pozzetti [HI Theorem 2]. This has also been shown independently by Kim 
and Kuessner I2ni Theorem 1.2] via multicomplexes. 

Proof. The following diagram commutes; 

Hf{X,AX) -> Hy{X-V') 


Hyx{x),xxv') Hyixxyx) 


Here, the column maps are the isometric isomorphisms induced by the (topo¬ 
logical) mapping theorem. Theorem 19.111 and the row maps are induced by 
the canonical inclusions. The lower row map is an isometric isomorphisms 
by the algebraic mapping theorem. Corollary 16.51 □ 

Remark 9.13. One important reason to consider relative bounded cohomol¬ 
ogy is to study manifolds with boundary relative to the boundary, due to the 
relation between bounded cohomology and simplicial volume. Let (M, dM) 
be an aspherical manifold with TTi-injective aspherical boundary and let N 
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be a manifold without boundary. Then any iV-bundle over M satishes the 
condition of the relative mapping theorem, Corollary 19.121 This gives many 
new examples for which the relative mapping theorem holds, since there are 
important examples of such pairs (M, dM). We mention just some that are 
interesting with respect to the simplicial volume: 

(i) Compact aspherical 3-manifolds relative to a union of incompressible 
boundary components [2]. 

(ii) The relative hyperbolisation construction of Davis, Januszkiewicz 
and Weinberger m gives rise to many exotic examples. Let X 
be a manifold with boundary Y and assume that each connected 
component of Y is aspherical. Then the relative hyperbolisation 
J{X,Y) relative to Y satisfies the assumption of Corollary 19.121 

(hi) Compact hyperbolic manifolds with totally geodesic boundary rela¬ 
tive to the boundary [3l Proposition 13.1]. 
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